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Abstract
This paper is concerned with the shear capacity of keyed joints reinforced
with overlapping U-bar loops in the transverse direction. The layout of the
loop reinforcement affects the capacity and failure mode, and currently it is
not accounted for by standards or previous theoretical work. A multiscale
approach to the issue is proposed: An equilibrium element for finite element
limit analysis representing keyed joints is coupled with a suitable submodel,
which handles the complex stress states within the joint. The submodel is
based on several modified stringer models, which makes it possible to account
for local mechanisms in the core of the joint. The element and submodel
are validated by comparison to a detailed model based on finite element
limit analysis and experimental data. The joint element and submodel lead
to a small optimisation problem compared to the detailed model and the
computational time is reduced by several magnitudes.
Keywords: in-situ cast joints, limit analysis, precast concrete, finite
element, rigid plasticity, yield criterion, multiscale
1. Introduction
The lateral stability of modern precast concrete buildings is often en-
sured by shear walls, i.e. precast wall panels connected by in-situ cast joints.
Horizontal forces, e.g. from wind load or seismic action, are transferred as
in-plane forces and the shear capacity of the panels and joints are of the
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utmost importance. In practice, the shear capacity of such walls is usually
assessed by analytical lower bound models, e.g. strut-and-tie models or stress
field methods [1, 2]. The stress fields are also frequently determined by use
of linear elastic finite element analysis. Naturally, this practice often leads
to suboptimal structures compared to what can be obtained if the stress
fields instead are determined from a non-linear elastic-plastic analysis. Use
of numerical elastic-plastic analysis to determine stress fields has e.g. been
demonstrated in References [3, 4].
The joints between the precast panels are of particular interest as they are
often a critical part of the structure. In-situ cast joints consist of a concrete
core and two interfaces, where the core typically is reinforced in two direc-
tions, and the interfaces typically are keyed. The shear capacity of the joints
and interfaces is in practice assessed by simple empirical formulas [5] which
often gives a conservative estimate of the capacity. Several authors have in-
vestigated the behaviour of in-situ cast joints. The investigations cover both
experimental testing [see e.g. 6, 7, 8, 9] and simplified mechanical models
based on the theory of rigid-plasticity, namely upper bound solutions based
on yield line theory [10, 11] and lower bound solutions based on strut-and-tie
models [1, 11, 12]. The experiments showed that the geometry of the joint
and the reinforcement layout affect the shear capacity as well as the collapse
mode, but the analytical methods have only been able to capture the ob-
served behaviour to a certain extent. Local failure mechanisms caused by
the reinforcement layout, however, have not been investigated using analyti-
cal methods. Investigations using numerical tools, e.g. finite element method
or similar, have focused on single key joints often used in precast concrete
segmental bridges [13, 14]. These investigations have primarily been carried
out by use of non-linear finite element analysis. This approach is computa-
tionally heavy, especially when considering the fact that the ultimate load
carrying capacity is the result of main interest.
Herfelt et al. [15] presented a detailed model for keyed joints based on
finite element limit analysis. The model was based on a lower bound formu-
lation and the analysis yielded a statically admissible stress field. Moreover,
the solution to the dual problem, i.e. the corresponding kinematic prob-
lem, was interpreted as the failure mode. The detailed model used trian-
gular plane stress elements [16] representing the concrete, bar elements [16]
representing the reinforcement, and an interface elements representing the
concrete-to-concrete interfaces. It was shown that the model could repre-
sent the complex stress states within the joint and captured the local failure
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Figure 1: Four storey wall subjected to horizontal forces: The wall consists of 12 precast
panels connected by joints. An example of a mesh (discretisation) for numerical analysis
is seen for the top right panel.
mechanisms to a satisfactory degree; however, for practical design it is not
feasible to use that level of detail. Fig. 1 shows a four storey wall comprising
several precast panels connected by in-situ cast joints. As indicated in the
figure, plane stress elements may be used to model the precast panels, while
a special joint element is needed for the joints.
This paper presents a lower bound equilibrium element representing the in-
situ cast joints. The element is designed for interaction with the triangular
plane stress element [16] and interface elements [15]. The scope is to be able
to model entire wall systems, e.g. the four storey wall seen in Fig. 1. The
joint element requires a suitable yield criterion which can capture the critical
mechanisms identified by the detailed model [15], and for this purpose, a
semi-analytical submodel yield criterion based on the stringer method is de-
veloped. The joint element and submodel fit the format of second-order cone
programming, and the developed model is compared to the detailed model
[15] as well as experimental data [6, 7]. The proposed multiscale model cap-
tures the behaviour of the detailed model as well as the specimens.
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2. Problem formulation
Finite element limit analysis can be considered as a special case of the
general finite element method: It is based on the extremum principles for
rigid-plastic materials [see e.g. 1, 17, 18] and deploys a mesh discretisation
known from the finite element method. Anderheggen and Kno¨pfel [19] pre-
sented a general formulation as well as equilibrium elements for solids and
plates. Since the 1970s several authors have contributed to the method [see
e.g. 16, 20, 21]. Finite element limit analysis is a direct method, where the
ultimate load is determined in a single step, which is a significant advantage
over non-linear finite element methods for practical applications. Moreover,
when modelling concrete structures, there is no need to consider any tensile
strength to avoid problems related to numerical stability. From the lower
bound formulation, the stress field is determined. Associated with the lower
bound problem is a so-called dual problem, and the solution to this dual prob-
lem can be interpreted as the displacement field and plastic strain. Since we
are dealing with a rigid plastic material model, no information on the mag-
nitude of the strains and displacements are determined; only the directions.
When the method is applied to structural concrete, it is necessary to operate
with effective strength parameters (via the so-called effectiveness factors) to
account for the limited ductility of concrete as well as the reduction of the
compressive strength as a result of cracking and tension strains transverse to
compressive stress fields. In practice, the effective strength parameters have
to be found by calibration of calculations with results of tests on structural
components.
Numerical lower bound limit analysis is formulated as an optimisation prob-
lem where the scope is to maximise a load factor λ. The analysis determines
a statically admissible stress, i.e. a stress field which satisfies equilibrium
and does not violate the yield criteria in any points. The general problem
can be stated as [16, 22]:
maximise λ
subject to Hβ = Rλ +R0
f(βi) ≤ 0, i = 1, 2, . . . , m
(1)
The load acting on the model consists of a constant part R0 and a scalable
part R λ. The linear equality constraints ensure equilibrium while the func-
tions f(βi) ≤ 0 ensure that the stress filed does not violate the yield criteria.
H is the global equilibrium matrix, and β is the stress vector. m is the
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number of check points for the yield function, f , which is generally convex,
but non-linear; thus, (1) represents a convex optimisation problem.
In this work, the optimisation problem (1) will be a second-order cone
program (SOCP). Second-order cone programming as well as semidefinite
programming have been used in the field of finite element limit analysis for
more than a decade, [see e.g. References 23, 24, 25]. Expanding the yield
functions f , (1) can be restated as:
maximise λ
subject to Hβ = R λ+R0
Cββ +Cαα+Cγγ = C0
Eββ + Eαα+ Eγγ ≤ E0
γi ∈ Qki, i = 1, 2, . . . , m
(2)
where α and γ are problem variables associated with the yield functions, and
the C and E matrices define the necessary linear equalities and inequalities
for the chosen yield criterion. The variables γi, associated with the ith check
point for the stresses, are in a quadratic cone Qki of size ki, defined as:
Qk =
{
x | x ∈ Rk, x1 ≥
√
x22 + · · ·+ x
2
k
}
(3)
The problem (2) can be solved efficiently using interior point algorithm, and
in this work the commercial solver MOSEK [26] is used. The reader is referred
to References [27, 28, 29, 30] for a detailed description of SOCP and interior
point solvers.
On the element level, the equilibrium equations and yield functions can
be stated as:
helβel = qel
C
el,i
β βel +C
el,i
α αi +C
el,i
γ γi = C
el,i
0
, i = 1, 2, . . . , mel
E
el,i
β βel + E
el,i
α αi + E
el,i
γ γi ≤ E
el,i
0
, i = 1, 2, . . . , mel
γi ∈ Qki, i = 1, 2, . . . , mel
(4)
qel is the contributions to the equilibrium equations on the global level, βel is
the stress variables of the given element, and hel is the element equilibrium
matrix. The matrices Cel,i and Eel,i define the yield function for the mel
check points of the element. Similarly to (2), the variables denoted γi are
required to be in a quadratic cone Qki of size ki.
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3. Keyed joints and detailed numerical model
A keyed joint reinforced with loop reinforcement (U-bars) and a locking
bar is considered. Fig. 2 shows the basic geometry and a unit section (dashed
rectangle) which will form the foundation of the submodel yield criterion.
The thick vertical lines seen in Fig. 2 represent the loop reinforcement, while
the horizontal solid line represents the locking bar. The length of keyed
joints in practice usually ranges from a single storey height to the height of
the entire building, while the width b and thickness t usually are below 200
mm.
Precast panel
Precast panel
U-bars
Locking bar
n
t u
b
d
o
h2h1
s t
Figure 2: Elevation and cross section of a basic design of a keyed joint reinforced with
U-bars.
For the detailed numerical model presented by Herfelt et al.[15], several
thousand plane stress elements were necessary to capture the local mech-
anisms and stress fields developed in the core of the joint. The model was
loaded such that the centre line of the joint would be subjected to pure shear,
i.e. no bending. The concrete is modelled as a Mohr-Coulomb material, while
a simple linear criterion is used for the rebars. For the interface, a Coulomb
friction model is assumed. The model assumed plane stress state, thus, the
confinement provided by the reinforcement loops and general triaxial stress
states were disregarded.
Fig. 3(a) shows an example of the collapse mode determined by the
aforementioned detailed model [15] using the solution to the dual problem,
i.e. the corresponding kinematic problem. The interpreted velocities are
associated with the equilibrium equations, hence, each element edge moves
independently. The blue lines indicate the interface between the joint and
the precast panels, while the red lines indicate the reinforcement. The critical
mechanism features a diagonal yield line through the core of the joint. Fig.
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Figure 3: Detailed numerical model [15] for specimen 26 by Hansen and Olesen [6]: Col-
lapse mode (a) and lowest principal stress (b).
3(b) shows the lowest principal stress. The reinforcement is indicated by
gray lines and it is observed that large compressive stresses are present in
the area between the vertical U-bars. This also shows that the reinforcement
layout has a significant effect on the capacity and failure mode of the joint
[15]. The detailed model [15] will be used for comparison in the following
analysis.
4. Joint equilibrium element
An equilibrium element representing in-situ cast joints is needed for prac-
tical modelling of precast concrete structures. The joint element will dictate
the distribution and transfer of stresses through the joint. The element is
formulated to be compatible with the plane stress element [16], see in Fig. 4.
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Figure 4: Generalised nodal forces and stress variables of the plane stress triangle (adapted
from [16]).
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The plane stress triangle has a linear stress field defined by the three stress
vectors in the corners. Equilibrium of tractions along the element boundaries
means that the joint element requires a linear variation of the shear stress
and transverse normal stress, which again leads to a quadratic variation of
the longitudinal normal stress, see Fig. 5(b).
1
2τ
−
1
τ+1
τ−2
τ+2
σt1, σn1
σt2, σn2
σt3
le
t
n
(a)
q−τ1
q−σ1 q−τ2
q−σ2
q+τ1
q+σ1
q+τ2
q+σ2
qp1
qp2
qN1
qN2
Plane stress el.
Plane stress el.
(b)
Figure 5: a) Geometry, local coordinate system, and stress variables of the joint element.
b) Nodal forces of the joint element and interaction with the plane stress elements.
Fig. 5 shows the joint element. Length and orientation of the element
are defined by the two end nodes seen in the figure. The element has 9 stress
parameters and contributes to 12 equilibrium equation on the global level.
Equilibrium for the element can be stated as:
qel = hel βel (5)
where βel is the element stress vector, qel contains the 12 nodal forces seen
in Fig. 5(b), and hel is the local equilibrium matrix. The stress variables
are given in local coordinates; thus, no transformations are necessary when
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establishing hel. βel, qel, and hel are explicitly given in (6):
qel =

q+q−
qN

 =


q+σ1
q+τ1
q+σ2
q+τ2
q−σ1
q−τ1
q−σ2
q−τ2
qN1
qN2
qp1
qp2


=


t 0 0 0 0 0 0 0 0
0 0 −t 0 0 0 0 0 0
0 t 0 0 0 0 0 0 0
0 0 0 −t 0 0 0 0 0
−t 0 0 0 0 0 0 0 0
0 0 0 0 t 0 0 0 0
0 −t 0 0 0 0 0 0 0
0 0 0 0 0 t 0 0 0
0 0 0 0 0 0 b t 0 0
0 0 0 0 0 0 0 −b t 0
0 0 t 0 −t 0 3 b t
le
b t
le
−4 b t
le
0 0 0 t 0 −t − b t
le
−3 b t
le
4 b t
le




σn1
σn2
τ+1
τ+
2
τ−1
τ−2
σt1
σt2
σt3


= hel βel
(6)
The equilibrium matrix and generalised nodal force vector can be split into
three parts; one for the positive side of the joint (denoted q+), one for the
negative side of the joint (denoted q−), and one for the nodal forces in the
longitudinal direction (denoted qN). It is assumed that the transverse normal
stress (n-direction) is transferred directly through the joint, while the shear
stress can be used to build up an axial force in the longitudinal direction.
Each point along the joint element has a stress state defined by four stress
parameters, namely σn, σt, τ
+, and τ−, which passed on and checked against
the appropriate model on the submodel level.
5. Submodel yield criterion
The stresses on the element level need to satisfy the submodel yield cri-
terion on the joint section scale. The submodel yield criterion is in itself a
small optimisation problem, and equilibrium of the submodel is ensured by
stress fields that are determined by using a variation of the stringer method
[see e.g. 1, 31].
The scope of the submodel yield criterion is to capture the critical mecha-
nisms within the joint, and three modified stringer models are introduced for
this purpose. The submodel is based on a unit joint section (see the dashed
rectangle in Fig. 2) which is subjected to shear as well as axial forces in two
directions. Fig. 6 shows the unit joint section and the three modified stringer
models which compose the submodel yield criterion. Each of the three mod-
ified stringer models imposes certain constraints on the stress distribution
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in the joint and represents a basic state of stresses. These stress states are
then added together to obtain the actual stress state of the combined model,
which is checked against the chosen yield criteria to ensure a safe solution.
The geometry of the loop reinforcement will necessarily lead to a local,
triaxial stress state in the joint; however, we have chosen to neglect this effect
and assume plane stress. This assumption will - for the typical combinations
of loop diameters, rebar diameters, and rebar strengths - lead to a lower
shear capacity, and the joint element and submodel may underestimate the
capacity in some cases.
5.1. Equilibrium of the submodel
In order to transfer tension or to establish confinement pressure on the
joint, it is necessary to mobilise the loop reinforcement. Tension in the loop
reinforcement will introduce shear in the centre row of panels, see Fig. 6(b).
Based on moment equilibrium, the following relations must hold true:
τ21 =
V
o t
=
u
s
T
o t
, τ22 =
(u
s
− 1
) T
o t
(7)
Moreover, from the antisymmetric model it can be concluded that τ21 = τ23.
The stringer force V seen in Fig. 6(b) will be balanced out by an adjacent
joint element.
The horizontal boundaries may be subjected to shear stresses of different
magnitudes, which leads to a linear varying normal force in the central
stringer seen in Fig. 6(c). A rather simple stringer model is used to de-
scribe this behaviour, and the shear stresses in panels 1 and 3, Fig. 6(c), can
be stated as:
τ1 = τ
+, τ3 = τ
− (8)
The locking bar (see Fig. 2) functions as the central stringer. Horizontal
equilibrium for the stringer forces of the central stringer and two shear forces
gives the following relation:
F+lt − F
−
lt = s t (τ1 − τ3) (9)
Shear panels 1 and 3, Fig. 6(c), overlap the three panels from the first
stringer model, Fig. 6(b), and the resulting stresses can be determined by
simply adding the stress states.
The shear panels need confinement pressure in order to carry shear stresses.
The confinement pressure may originate from externally applied loads on the
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Unit joint section.
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transverse tension across joint.
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Model for transfer of compres-
sion across joint.
Figure 6: Unit joint section and the three stringer models: The behaviour of the unit
joint section is divided into three main mechanisms, namely transverse tension, shear, and
compression.
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unit joint section, or from stresses developed to create internal equilibrium
with the tensile forces in the loop reinforcement or locking bar. The stringer
model for transfer of compression, see Fig. 6(d), dictates how compressive
loads are transferred through the joint. Equilibrium is required for the hori-
zontal boundaries of the unit joint section; the transverse normal stress σn is
balanced by the stringer forces T and V as well as the confinement pressure:
s t σn = T − V −
s− u
2
t (σn1 + σn3)− u t σn2 (10)
and similarly for the horizontal forces:
F+t = F
+
lt − 2Ft −
b− o
2
t (σ+t1 + σ
+
t3)− o t σ
+
t2
F−t = F
−
lt − 2Ft −
b− o
2
t (σ−t1 + σ
−
t3)− o t σ
−
t2
(11)
The shear stress will be symmetric about the vertical center line of the unit
joint section; hence, the confinement pressure in the n-direction will be sym-
metric as well, i.e. σn1 = σn3. Moreover, for simplicity we assume the same
for the confinement in the t-direction, why may lower the shear capacity in
cases where τ+ 6= τ−.
5.2. Yield conditions for the submodel components
The actual stress states in the panels and stringers are obtained by adding
the stress states of the three stringer models, see Fig. 6(b)-(d). The actual
shear stress in-between the two U-bars will e.g. be given as the sum of τ1
and τ22. The obtained stress states are required to satisfy the appropriate
yield criteria as discussed in this section.
The loop reinforcement and locking bar carry tensile stringer forces, which
are limited by the yield strength of the reinforcement. Moreover, we assume
that the reinforcement only carries tension, thus, the yield criteria can be
stated as:
0 ≤ T ≤ AsufY u
0 ≤F+lt ≤ AslfY l
0 ≤F−lt ≤ AslfY l
(12)
where Asu and Asl are the cross sectional areas of the loop reinforcement and
locking bar, respectively, and fY u and fY l are the yield strengths.
The horizontal stringers seen in the stringer model for transverse tension,
12
Ft Ftτ21 τ21τ22
−Ft −Ft
−Ft + τ21 t
s− u
2
−Ft − τ21 t
s− u
2
(s− u)/2 u (s− u)/2
Figure 7: Compression stringer, confinement pressure Ft, and stringer force distribution.
Fig. 6(b), are so-called compression stringers without any reinforcement to
carry tensile forces. The force Ft in Fig. 7 ensures that the stringer force is
non-positive. The criterion can be written as a linear inequality:
−Ft + τ21
s− u
2
t ≤ 0 (13)
Finally, the shear panels need an adequate yield criterion. The stress state in
each panel is described by two normal stresses and a shear stress. We use the
Mohr-Coulomb yield criterion for plane stress with a tension cut-off which is
given as follows in principal stresses:
σ1 ≤ ft
k σ1 − σ2 ≤ fc
−σ2 ≤ fc
(14)
where ft is the uniaxial tensile strength of the joint concrete, and fc is the
effective uniaxial compressive strength. k is a friction parameter defined as
k =
(√
µ2 + 1 + µ
)2
with µ = tan θ, where θ is the angle of internal friction. For monolithic
concrete, θ is usually taken as 37◦, which corresponds to k = 4. σ1 and σ2
are the largest and smallest principal stresses, respectively, given as:
σ1
σ2
}
=
σn + σt
2
±
√(
σn − σt
2
)2
+ τ 2nt (15)
Introducing
pm = −
σn + σt
2
, σd =
σn − σt
2
, ϕ≥
√
σ2d + τ
2
nt, (16)
13
the principal stresses can now be written as:
σ1 ≤ −pm + ϕ
−σ2 ≤ pm + ϕ
and the Mohr-Coulomb criterion (14) can be stated as:
−pm + ϕ ≤ ft
(1− k)pm + (k + 1)ϕ ≤ fc
pm + ϕ ≤ fc
(17)
The yield criterion fits the format of second-order cone programming since
the definition of ϕ (16) is a quadratic cone, see Eq. 3, while the the three
constrains in (17) as well as the definitions of pm and σd (16) are linear.
6. Analysis and discussion
6.1. Model
In the following, the results obtained using a single joint element with the
submodel yield criterion will be compared to the results of detailed model
[15]. The shear load sought to be maximised is applied as on both sides of
the joint element, see q+τ1, q
−
τ1, q
+
τ2, and q
−
τ2 in Fig. 5(b), and no normal forces
are introduced via the external loading, see Fig. 8.
Joint element
Figure 8: Model for the analysis including supports and loading. The dashed lines indicates
the interface elements representing the keyed interface.
In practice, the keys near the ends of the joint are used to establish
a compressive force in the longitudinal direction, which increase the shear
capacity. In order to simulate this behaviour using a single joint element
both ends are supported, i.e equilibrium is not required for the generalised
nodal forces qN1 and qN2, see Fig. 5. The detailed model [15] and the
experiments are subjected to these boundary conditions at the ends, and the
single joint element may overestimate the capacity slightly due to this choice
of supports.
Two interface elements [15] on either side of the joint element is used to
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simulate the keyed interface. The interfaces require two material parameters,
namely cohesion and friction coefficients, which are fitted to the curve of the
detailed model. The magnitude of the cohesion depends on the geometry of
the keys as well as the reinforcement layout.
For the analysis, an efficiency factor of ν = 1 has been used, i.e. no reduction
in the compressive strength. This is due to the fact that the primary load
carrying mechanisms is direct strut action (as found in the detailed numerical
mode [15]) with very deep strut inclination. ν = 1 was also adopted by
Nielsen and Hoang [1] and Herfelt et al. [15].
6.2. Analysis
The calculations have been carried out using the geometry and layout
of the tests by Hansen and Olesen [6] and Fauchart and Cortini [7]. The
normalised shear capacity is plotted as a function of the mechanical rein-
forcement ratio, which we define as:
Φ =
∑
AsufY u
t l fc
(18)
where Asu is the cross sectional area of the U-bars, t is the thickness of the
joint (see Fig. 2), and l is the total length of the considered joint.
Hansen and Olesen [6] investigated the behaviour of keyed joints with dif-
ferent reinforcement layouts. Some of the specimens featured a significant
distance between the U-bars (see Fig. 9) and yielded a lower shear capacity
compared to other experiments with similar reinforcement ratios. Moreover,
Hansen and Olesen [6] reported that the concrete core of the specimens was
completely destroyed at failure. A friction coefficient of µ = 0.6 is used for
all specimens by Hansen and Olesen [6], while µ = 0.75 is used for the exper-
iments by Fauchart and Cortini [7]. The cohesion coefficient varies between
1 and 2 MPa.
170 150
(a) Wall Joint: Specimen 24
90 70
(b) Wall Joint: Specimen 26
Figure 9: The two specimens with a significant distance between the U-bars tested by
Hansen and Olesen [6], measurements in millimetres.
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The specimens seen in Fig. 9 have a length of l = 1200 mm, a width of
b = 50 mm, an overlap of o = 30 mm, and 14 keys total. The keys have
a depth of 6 mm, a length of h2 = 40 mm, and a spacing of h1 = 40 mm
(see Fig. 2). As seen in Fig. 9, the two specimens featured a significant
distance between the loop reinforcement, while the U-bars were placed with
a mutual distance of 10 mm for the remaining specimens by Hansen and
Olesen [6]. For specimens 24 and 26, the results are illustrated as a function
of the reinforcement degree in Fig. 10, and the results for all specimens [6, 7]
are shown in Fig. 11 and listed in Tab. 1 and 2.
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Figure 10: Comparison of results obtained by the joint element and the detailed model
using several thousand elements. Experimental results for specimens 24 (a) and 26 (b) by
[6].
The cohesion is taken as c = 1.60 MPa for specimen 24 and c = 1.90 MPa
for specimen 26. Fig. 10 shows that the joint element can capture the
same behaviour as the detailed model. The plane interface elements can
represent the same behaviour as keyed interfaces of the detailed model and
the experiments, while the submodel yield criterion predicts an excellent
estimate of the plateau, i.e. the upper limit for shear capacity. The joint
element overestimates the capacity of specimen 24 slightly compared to the
detailed model, which may be due to the choice of supports.
Fig. 11 shows the results of the joint element with the submodel yield
criterion plotted against the results of the detailed model and the experimen-
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Figure 11: Analysis using the proposed joint element: a) Comparison with the detailed
model [15], b) comparison with experimental results [6, 7].
tal results. Again, the single joint element predicts a satisfactory estimate
of the load carrying capacity; only a negligible difference is observed in Fig.
11(a). The joint element predicts a slightly larger shear capacity than the
detailed model for some of the experiments, which may be due to the as-
sumptions regarding the supports. Fig. 11(b) shows that the joint element
gives satisfactory results compared to experimental data.
It has been shown that the multiscale joint model captures the same
behaviour as the detailed model and predicts an excellent estimate of the
shear capacity. In this context, it should be mentioned that the multiscale
formulation leads to a small optimisation problem which can be solved in
a fraction of a second. For the detailed model, on the other hand, CPU
time and problem size are several magnitudes larger as seen in Tab. 3.
The computational time shown in Tab. 3 is the average of 10 runs. The
performance is tested on a desktop computer with 12 GB RAM memory and
an Intel Xeon CPU W3565 with 8 CPUs and 3.2 GHz clock frequency. The
optimisation is performed in MatLab using the commercial solver MOSEK
[26]. Based on the required computational time, it is evident that in practice,
the joint element model has to be used if entire precast concrete structures
should be modelled and analysed within the limited time frame that usually
is available in real design projects.
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Table 1: Data and results of experiments by Hansen and Olesen [6], the numerical model
[15], and the proposed joint element.
fc Φ u Experimental Detailed Joint element
Specimen [MPa] [-] mm τ/fc τ/fc τ/fc
01 29 0.013 - 0.064 0.053 0.054
02 32 0.030 - 0.095 0.079 0.079
03 32 0.055 - 0.105 0.102 0.101
04 16 0.061 - 0.087 0.107 0.106
05 53 0.018 - 0.068 0.064 0.063
12 25 0.043 - 0.140 0.092 0.092
13 23 0.095 - 0.146 0.133 0.131
14 25 0.039 - 0.099 0.088 0.089
18 27 0.049 - 0.073 0.097 0.097
29 17 0.188 - 0.137 0.203 0.201
23 31 0.025 10 0.080 0.083 0.075
24 26 0.030 150 0.072 0.068 0.074
25 24 0.076 10 0.161 0.131 0.126
26 24 0.076 70 0.124 0.128 0.126
27 15 0.139 10 0.213 0.189 0.193
28 13 0.235 10 0.286 0.230 0.242
Table 2: Data and results of experiments by Fauchart and Cortini [7], the numerical model
[15], and the proposed joint element.
fc Φ u Experimental Detailed Joint element
Specimen [MPa] [-] mm τ/fc τ/fc τ/fc
5 20 0.049 10 0.106 0.088 0.087
6 20 0.049 10 0.085 0.088 0.087
7 20 0.096 10 0.120 0.126 0.112
8 20 0.246 10 0.197 0.206 0.235
9 20 0.047 10 0.104 0.086 0.085
10 20 0.096 10 0.148 0.126 0.122
11 20 0.096 10 0.148 0.126 0.122
12 20 0.191 10 0.208 0.186 0.193
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Table 3: Comparison of problem data for the joint element and detailed model.
Joint element Detailed model [15]
Number of equilibrium elements 3 20,024
Number of variables 302 1,364,509
Number of linear constraints 388 1,305,890
Number of conic constraints 44 134,472
Optimisation time 0.022 s 97.89 s
7. Conclusion
An equilibrium joint element for modelling of keyed shear joints has been
presented. The scope of the joint element is to be able to assess the strength
of shear walls in precast concrete buildings, which is highly dependent on
the shear capacity of in-situ cast joints. The main purpose of these joints
is to transfer shear, which is done by mobilising the reinforcement, i.e. loop
reinforcement and locking bar. The reinforcement layout, however, may in-
troduce local mechanisms inside the concrete core of the joint. A multiscale
approach to this problem is taken, and a equilibrium joint element as well as
submodel yield criterion have been proposed.
Three modified stringer models form the basis of the submodel. The result-
ing stress states are obtained by adding the stress states of the three stringer
models, which are checked against a suitable yield condition. The submodel
is formulated for second-order cone programming, which can be solved effi-
ciently using interior point methods.
The joint element and submodel are validated by comparison to a detailed
numerical model based on finite element limit analysis. Excellent agreement
between the two models is found, and the joint element captures the same
behaviour as the detailed model. The joint element also predicts a satisfac-
tory estimate of the shear capacity when compared to experimental data.
The results obtained from the joint element are generally satisfactory, and
the fact that the joint element only poses a small mathematical problem,
which can be solved in a fraction of a second, makes it more relevant for
practical applications than the detailed model presented in [15]. It can be
concluded that the proposed multiscale model makes it possible to model
real size precast structures while accounting for the complex behaviour of
the in-situ cast joints.
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